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√
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E
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d
2 (
√
3
d
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LE  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vuwqRE
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FH JEH.  L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k=0 akX
k, B =
∑q
k=0 bkX
k ∈ Z[X ] ­[_5zo_ deg(A) = p ≥ q = deg(B) t L (A) =
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Hj r
hL
0 ≤ j ≤ p s qRE hj = 0 hL:LW j HqGE HqG <pRE   JU  Y!hH JM rLHqG	uT  ELE PhH JM' s
·³¬
StHa(A, B)
u=k8]rt]±³l_5¬¹_Gmpuvt_@mo[]_5"u¦mTru¥u=l_Gk0x]mor>kpuvt­u¥mp[bmp[]_s=tkoku=5tsdkpx]q]zo_Gkpx]s¥motmk_Pwdx]_55_t¶
²r;­&_5_5zP§u¥Dmp[]_l_¬¹_P.mou¥_Gtkp_t§Trt_©[kbq+_mpmp_Gz`5rtdmpzorts&rt½mp[]_q]u¥m/kpuv°5_ºrt¬mp[_5rd_5¯'uv_5dmokªuv½mp[_
kp_Gwdx]_5_t¶
]N^ ÌjÐ  Ì   r'r  r  qR < <E0 
LFJHq% H?qRHXLkjHIF StHa(A, B) JE OB(pq M (pτ)) rL ÕB(p2qτ) s  LLM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)
r;t_Gz~ºzo|mpuvrttsjx]^bq+_5z>r|¬@qu¦mBkuv°5_ O(pτ) ¶7·³¬L­&_b+_5zp¬¹rtzo^mp[]__5;ts¥x|mpuvrtqjiB²rzp_5zPÒ k0zpxs¥_Lmp[]_G¬¹rtz8_5_5zoi7rs¥ij]r^ªu=|sduvbk_Pwdx]_55_t§Ömo[]_5zo_tzp_
Ω(p)
§|­_^bxkm_Gz¬¹rzp^
Ω(p)
^bxs¦mou¥]svu=5;mou¥rkq+_mn­&_5_Gµjx]^bq+_5z)krt¬Tq]u¦m7kuv°5_ O(pτ) t O(p2τ) §+mp[jxkmo[]_br;_5z)|svsr^`]s¥_5¨lu¦mniu=k OB(p3M (pτ)) ¶²r;­&_5_5zP§­[_5­_Br^`]xlmp_>mo[]_r^ªs¥_5mp_
StHa(A, A
′
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uv OB(p2M (pτ)) ¿ÁZ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rtmpu=_7|s=krbmp[|mmp[]_7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qrjr|mkprªk
mpr/Örtu=/mp[_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u=kBl_¬¹_P.mpuvt_¶/ertzo_5r;_5zP§+kp_Pu=|smo_G)[]]u=wdx]_GkBkp[]rx]sv«q_/xk_Pµ¬¹rzBu¦m)k7u¥^`]sv_5^`_5dm);mpuvrtmprÖrtu=«rdknmos¥i
rt+_5z);mou¥rk­u¥mp[z);mpuvrt|sÉjx]^bq+_5z)kG¶&ajr§tku¥mUu=k|sv­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]N^ ÌjÐ  Ì    MqR 0pR oh jRFHLh
A r  s  s Ared r E  LkjHI +hL StHa(A, A′) r JE
OB(p lg pM (pτ))
L ÕB(p2τ) r E  L (Ared) = O(p + τ) s
¾_5m
W(A,B)(a)
l_5r|mp_7mo[]_jx]^"q_Gzr|¬^`rj]u_Pkuvt)[t]t_Pkr|¬8mp[]_b_5;|svx;mou¥rr|¬
StHa(A, B)
r;_5z
a
¶ rtmpu=_~mp[|m
W(A,B)(a)
lrj_Gk&]r|mzo_¬¹_5z&mormp[_>xkxtsÉrtxmou¥br|¬8kuvt©Ötzpu=;mou¥rkG§dkpu¥_~kp+_Gu=|sÉG|zo_
kp[]rtx]s=©q_7m)|¼t_Gº¬¹rzmp[]_Bzp_Pk_G_7r|¬rk_Pxlmou¥_7°5_5zork$ Qt§ QP'&F¶
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WUH JM'on jFJ jRLonE L<  r uwqG A   0pR ohE 
A
′   H?qR PFJM'H JM Lh
A s $ h a < b   LH?q E LE I LLH Lh A E  γ E
F LM' HqG<L+LH  Lh AJE
(a, b) r HqGE W(A,B)(a) − W(A,B)(b) =
∑
γ sign (A
′
(γ)B(γ)) s
 Ð  Ð ' 'Y l Í	 $ h B = A′ HqGE StHa(A, A′)  BH?qR  H F 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RE E  Mq s
  LERH 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 Lh
A
JE
(a, b) s
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rs¥ij]r^`uvtsvk7uv»mp[]_'´&_5zokmp_Gu¥»qtkpu=k5¶'Ârtz
a < b ∈ R §­&_~l_G]r|mo_~qji
Bid(x; a, b) =
(
d
i
) (x−a)i(b−x)d−1
(b−a)d
¿
i = 0, . . . , d
ÀLmp[]_7´&_5zoknmo_5uv'qku=kLrt¬
R[x]d
rt©u¥dmp_Gzp;ts
[a, b]
¶
Â]rz~tdi+rtsvidrt^`uvts
f ∈ R[x]d =
∑d
i=0 biB
i
d(x; a, b)
§+mp[]_ªrj_¯'uv_5dm)k
b = (bi)i=0,...,d
tzp_bG|svs¥_P
mp[_ LERH LL
KERH 8rt¬
f
¶ £ _Ul_5r|mp_qji
V (f, [a, b])
§tmp[]_Udx^bq+_5z@rt¬Ékpuvt`)[|]_Gkuv`mp[]u=kLkp_Gwdx]_G_
b
¿Ázp_G^ªr;juv]"mp[]_
0
À¶
Z[]_ª¬¹rtsvsvr;­u¥]mo[]_5rzp_G^§0­[]u=)[u=kluvzp_P.mbrkp_Gwdx]_5_`r|¬U_PkpG|zpmp_GkGÒÉzox]s¥_§0ts¥svr;­k>xk7mprq+rtx
mp[_Bdx^bq+_5zr|¬zo_G|sWzorjr|mokrt¬
f
rt©mp[]_Buvdmp_Gzp;|s
[a, b]
¿Fadmp_GZ¶ ªrt¬0mo[]_Buvkprts=;mou¥r©ts¥rtzou¦mo[]^'ÀF!
6  Ð\Ð +*¹+* Ð, _  qRE W
N
Lh     LLH<Lh
f
LE
(a, b)
 <LE P  0n
V (b)
E  u. qRM
N ≡ V (f, [a, b]) mod 2 s
Z[]_kp]s¥u¥mmou¥ajmp_5K]¶ ½u=k`qk_P½rt l_ "&tkmp_Gs {tx¾Ò k`ts¥rtzou¦mo[]^§@­[]u=)[D]zorl_5_P]k`tk"¬¹rtsvsvr;­kD$ Q|§Lt'& !
b0i = bi, i = 0, . . . , d,
t
bri = (1 − t) br−1i + t br−1i+1 (t), 0 ≤ i ≤ d − r, 0 ≤ r ≤ d.
¿YtÀ
·³mº|svsvr;­k"xkªmpr½r^`]xlmp_mo[]_zp_G]zo_Gkp_5dmo|mpuvrt½rt¬
f
¬¹rtz`mp[_mn­r®kxq]u¥dmo_5zoÖtsvk
[a, (1 − t)a + tb] t
[(1 − t)a + tb, b] ¶ U|^`_Gs¥i§ b− = (bi0)i=0,...,d ¿Ázp_Pk¾¶ b+ = (bd−ii )i=0,...,d
À|zo_>mp[]_"rtdmozprs¾rj_¯'uv_5dm)k
r|¬
f
r
[a, (1 − t)a + tb] ¿Ázp_Pk¾¶ [(1 − t)a + tb, b] À¶Z[]_7r|mo[]_5zkmp_Gktzp_7kuv^`u¥s=|zmorªmp[]_badmox]zo^"±¸²Utq]u=)[mkprtsvt_GzG¶
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£ _ zokmzo_G5ts¥s¾kprt^`_B+rtsvij]rt^`u=|sWmpz)|kn¬¹rzp^/;mou¥rk&zp_Gsv|mp_P'mor`mp[]_b´&_Gzpkmp_Gu¥zo_5]zo_Gkp_5dmo|mpuvrt $ t&³¶L¾_5m
R[x, y][d]
q+_©mp[]_kp_m`r|¬U[]r^`rtt_G]_5rxk"rs¥ij]r^ªu=|s=k"r|¬~l_Gtzo_5_
d
u¥
(x, y)
¶ Ârtz`|ji
p ∈ R[x]d
§@­&_
l_G]r|mo_bqji
p
mp[_b[]r^ªrt_G]uvko;mou¥rr|¬
p
uv«l_Gtzo_5_
d
¶7Â]rtz
λ 6= 0, µ ∈ R §Értku=l_5zUmp[]_b¬¹rtsvs¥r;­uv]'^/tk
R2 → R2 !
% ρ : (x, y) 7→ (y, x) §
% Hλ : (x, y) 7→ (λx, y) § H ′λ : (x, y) 7→ (x, λy)
§
% Tµ : (x, y) 7→ (x − µy, y) § T ′µ : (x, y) 7→ (x, y − µx) ¶
Z[]_Gu¥zTr^`rdku¥mpuvrt­u¥mp[
p
u¥]x_uvd_5zpmpuvq]sv_@mpz)|kn¬¹rzp^/;mou¥rk0rtmo[]_k_5m8rt¬[]r^ªrt_G]_5rxk¾+rtsvij]rt^`u=|s=k
r|¬l_Gtzo_5_
d
§0­[]uv)[5rtzozp_Pk+rtµmprmp[_`¬¹rtsvs¥r;­uv]^/|kBl_G]r|mo_G»­u¦mo[»mp[]_'ko|^`_`|^`_Y! ∀p ∈ R[x]d §
ρ(p) = xdp(1/x)
§
Hλ(p) = p(λx)
§
H ′λ(p) = p(λ
−1x)
§
Tµ(p) = p(x−µ)
§
T ′µ(p) = (1−µ x)dp( x1−µ x )
¶
  5<JF  LFJEVF 
YF	P
Â]rz|ji'+rtsvidrt^`uvtsY§
p(x) =
∑d
i=0 biB
i
d(x; a, b)
§]­&_>[Öt_
ρ ◦ T1 ◦ ρ ◦Hb−a ◦ T−a(p) =
d∑
i=0
(
d
i
)
bix
i.
Â]rzU|r|mp[_5zUuvdmp_Gzp;|s
[c, d]
§
p(x) =
∑d
i=0 b
′
iB
i
d(x; c, d)
|mo[]_^/|­[uv)[mozotkn¬¹rzp^/k ∑d
i=0
(
d
i
)
bix
i
mpr ∑d
i=0
(
d
i
)
b′ix
i
u=k
ρ ◦ T1 ◦ ρ ◦ Hd−c ◦ T−c ◦ Ta ◦ H 1
b−a
◦ ρ ◦ T−1 ◦ ρ = T ′1 ◦ Hd−c ◦ Ta−c ◦ H 1
b−a
◦ T ′−1
¿dÀ
·³¬
[a, b] = [0, 1]
t
[c, d] = [0, 12 ]
§t^/t¿ À0q_Pr^ª_Pk!
ρ◦T−1◦ρ◦H 1
2
◦ρ◦T1◦ρ
¶0¬ mp_GzLkuv^`]svuG;mou¥rk5§
­&_>rqlmotu¥
∆− : p 7→ p(x +
y
2
,
y
2
) = p ◦ T−1 ◦ H ′1
2
.
¿ OjÀ
ex]s¥mpuv]sviju¥]`mo[]_B+rtsvidrt^`uvtsWqdi
2d
ijuv_5s=]kmp[_7¬¹rtsvs¥r;­uv]ª^`t
∆− : p 7→ p(2 x + y, y)
­[]u=)[rt+_5z);mp_Pk
rt+rtsvidrt^`uvtsvk­u¥mp[uvdmp_5_5z5rd_5¯'uv_5dmokG¶
·³¬
[a, b] = [0, 1]
|
[c, d] = [ 12 , 1]
§8^/| ¿À7q_Pr^ª_Pk!
ρ ◦ T−1 ◦ ρ ◦ H 1
2
◦ T− 1
2
◦ ρ ◦ T1 ◦ ρ
¶·³m
rzpzo_Gkp+rt]k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∆+ : p 7→ p(
x
2
,
x
2
+ y) = p ◦ T ′−1 ◦ H 1
2
.
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d|uv¾§¾^"x]s¦mou¥s¥ijuv]qdi
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iju¥_Gsvk>mp[]_`^/|
∆+ : p 7→ p(x, x + 2 y)
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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(bi)i=0,...,d ∈ Zd+1
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L H?qRH9u.LZ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[a, a+b2 ] r [a+b2 , b]
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S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/n ÕB(d(τ + d))E HqGJ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t = 12
À.§j­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mpuvrtºmp[|mmo[]_B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uv_5dm)k
bri =
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i
2i
§L­[_5zo_
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(Bid(x; a, b))i=0,...,d
¶ rtmpu=_>mp[;m
τ ′ ≤ τ + d ¶Â]rz>5rt^`]xlmou¥ºmo[]_ª5rj_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uv_5dmok>rt¬
f
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[a, a+b2 ]
|
[a+b2 , b]
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5rt^`]xlmo_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[ 12 , 1]
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q]uv]rt^`u=|s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y → x + y §mp[_5 mpr½ko5|sv_rt]_;|zouvtq]sv_©rt¬Ump[_[]rt^`rt_5]_Grtxk+rtsvidrt^`uvts
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À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_7[Ö_
τ̃ = O(d τ + d2) ¿Ákp_5_kp_G.mou¥r]¶ À.¶Z[]_G­&_zox]mp[]_b^`tu¥svrjrtr|¬mo[]_bkpx]q+]u¥ju=kuvrtµts¥rtzou¦mo[]^¶Z[]_b5rkmr|¬@/kpx]q+]u¥ju=kuvrtµ|mU/s¥_Gt_Gs
h
uvºmo[]u=kkxq+luvjuvkpuvrtmpzo_5_7u=k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Q(X) ∈ Z[X ] r uwqG deg(Q) = d E  L (Q) = τ r E =S    
Y+WE W
α ∼= (P, [a, b]) s    E?LkjHI sign(Q(α)) JE ÕB(d3τ) s
6  Ð¾Ðx ¢ ´iªZ[¾¶§
sign(Q(α)) = sign(WP,Q[a, b] ·P
′
(α))
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StHa(P, Q)
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ÕB(d3τ) s
6  Ð¾Ðx ¢ ¾_5m`mn­r|svt_Gq]z)|u=ºjx]^"q_Gzok
γ1 ∼= (P1(x), I1)
|
γ2 ∼= (P2(x), I2)
­[]_Gzp_
I1 = [a1, b1]
§
I2 = [a2, b2]
¶>¾_5m
J = I1 ∩ I2
¶ £ []_G
J = ∅ §rzUr]s¥irt_br|¬ γ1 | γ2 q+_5svrt]ºmpr J §+­&_"5t_Gkuvs¥irtz)l_Gzmp[]_ª`|svt_5qzotuv7jx]^"q_GzokG¶·³¬
γ1, γ2 ∈ J
§]mo[]_5
γ1 ≥ γ2 ⇔ P2(γ1) · P
′
2(γ2) ≥ 0
¶ £ _rtqlm)|uvmp[]_
kpu¥©rt¬
P
′
2(γ2)
§xkuv]/¾_G^¶ QGl§lmo[jxkmp[_rt^`]sv_¨lu¥mni'r|¬r^ª|zouvkprt©uvk ÕB(d3τ) ¶ 2
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P
§
A1, . . . , An1
§
B1, . . . , Bn2
§
C1, . . . , Cn3 ∈ Z[X ]
§+­u¦mo[µl_5zp_G_
q+rtx]]_Gqji
d
|rj_5¯/5u¥_Gdmq]u¦m>kuv°5_Bq+rtx]l_Gqji
τ
¶ £ _­uvkp[mpr'5rt^`]xlmo_Bmp[]_bdx^bq+_5zrt¬tmp[]_
zo_G|sWzorjr|mokG§
γ
§lr|¬
P
kx)[©mp[;m
Ai(γ) > 0
§
Bj(γ) < 0
|
Ck(γ) = 0
t
1 ≤ i ≤ n1, 1 ≤ j ≤ n2, 1 ≤
k ≤ n3
¶@¾_5m
n = n1 + n2 + n3
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ÕB(d4τ max{n, τ}) s
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Ai
§
Bj
§
Ck
­_r^ª±
]xlmo_Umo[]_
sign (Ai(γ))
§
sign (Bj(γ))
|
sign (Ck(γ))
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